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Abstract

Whereas approaches for deductive and inductive reason-
ing are well-examined for decades, analogical reasoning
seems to be a hard problem for machine intelligence.
Although several models for computing analogies have
been proposed, there is no uncontroversial theory of the
semantics of analogies. In this paper, we will investigate
semantic issues of analogical relations, in particular, we
will specify a model theory of analogical transfers. The
presented approach is based on Heuristic-Driven The-
ory Projection (HDTP) a framework that computes an
analogical relation between logical theories describing a
source and a target domain. HDTP establishes the anal-
ogy by an abstraction process in which formulas from
both domains are generalized creating a theory that syn-
tactically subsumes the original theories. We will show
that this syntactic process can be given a sensible in-
terpretation on the semantic level. In particular, given
models of the source and the target domains, we will
examine the construction of models for the generalized
theory of source and target. Furthermore, we will spec-
ify some properties of both, the corresponding models
and the underlying analogical relation.

Introduction
Human cognitive reasoning capacities include not only
abilities like drawing inferences from given facts (deduc-
tions), generalizing rules from given examples (induc-
tion), or finding appropriate premises for certain rules
(abduction). Humans are also able to conceptualize new
situations in analogy to experiences in the past. These
analogical transfers play an important role in explaining
human creativity, productivity, and adaptivity (Hoft-
stadter & The Fluid Analogies Research Group, 1995;
Indurkhya, 1992).

Research in analogical reasoning has been taken place
in an interdisciplinary environment in which methods
from cognitive science, psychology, computer science,
and AI were applied. Analogical reasoning was discussed
in areas such as proportional analogies in string domains
(Hofstatder et al. 1995) and between geometric fig-
ures (Dastani, 1998). Further discussions were centered
around the relation between analogies and metaphors
(Gentner, Bowdle, Wolff & Boronat, 2001) and ana-
logical problem solving (Anderson & Thompson, 1989).

1The work has been supported by the German Research
Foundation (DFG) through the project ”Modeling of predic-
tive analogies by Heuristic-Driven Theory Projection” (grant
KU 1949/2-1). The publication was supported by the Uni-
versitätsgesellschaft Osnabrück.

Methods used for modeling analogies range from al-
gebraic accounts (Dastani, Scha & Indurkhya, 1997;
Indurkhya, 1992) to graph-based approaches (Falken-
hainer, Forbus & Gentner, 1989) and similarity-based
approaches (Gentner, 1989). Although the mentioned
models for analogical reasoning show non-trivial differ-
ences there seems to be a non-controversial core inter-
pretation of analogies: Analogical relations can be es-
tablished between a well-known domain (source domain)
and a formerly unknown domain (target domain) with-
out taking much input data (examples) into account.
Rather it is the case that a conceptualization of the
source domain is sufficient to generate knowledge about
the target domain. This can be achieved by associating
attributes and relations of the source domain and the
target domain. Moreover, a projection of attributes and
relations from source to target can productively intro-
duce new concepts on the target domain.

Although a variety of syntactic and algorithmic core
mechanisms for analogy making were proposed, no sim-
ilar mechanisms has been developed to provide a model
theoretic semantics of analogical relations. Clearly it is
possible to formulate a denotational semantics based on
term algebras for algebra inspired approaches of analog-
ical reasoning (Indurkhya, 1992; Dastani, 1998) or for
models using pattern matching methods (Falkenhainer,
Forbus & Gentner, 1989). Even if such ideas had been
explicitly developed, it would remain unclear how the
semantic meaning of dynamically established analogi-
cal relations can emerge from these approaches. This
paper tries to bridge the gap between algorithmic ap-
proaches for analogical reasoning and the denotational
semantics underlying these algorithms. The framework
used here is Heuristic-Driven Theory Projection (HDTP,
Gust, Kühnberger & Schmid, 2006) a mathematically
sound theory for analogy making. The core algorithm
HDTP-Ah is implemented in Prolog (Gust, Kühnberger
& Schmid, 2003) and has been applied to a variety of
domains.

The paper has the following structure: In the next sec-
tion, we roughly summarize basic ideas of HDTP with
respect to the underlying syntax and describe the con-
cept of generalization using the well-known Rutherford
analogy as an example. The semantics of the analogical
relation is discussed in the main section of this paper:
We introduce model theoretic notions in the context of
an analogical scenario and present a way to interpret the



syntactic analogical relation on a semantic level. Fur-
thermore we propose two construction methods (a quo-
tient construction and a product construction) for the
generalized model of HDTP which is left open in Gust
et al. (2006). Last but not least some model theoretic
properties of HDTP are discussed. The last section con-
cludes with final remarks.

HDTP – A Theory for Analogy Making

We will roughly sketch some ideas of HDTP and refer
to Gust et al. (2006) for a complete description of the
theory. The notions introduced will be exemplified by
the famous Rutherford analogy, in which an analogical
relation is established between the solar system (source
domain) and the inner structure of an atom (target do-
main).2 Based on such a relation, analogical inferences
can be drawn, i.e. knowledge from the source domain
can be transferred to the target to gain an intuition and
state a hypothesis about that domain. Although HDTP
addresses the whole process of analogy making, for the
concerns of this paper it is sufficient to concentrate on
the first step, i.e. the establishment of an analogical re-
lation.

Syntactic Properties
HDTP is syntactically based on a many-sorted first-order
language. As analogy involves two domains which do not
have to be connected in any way prior to the estabish-
ment of an analogical relation, both domains can be for-
malized independently. That is, each formalization can
introduce its own signature and axioms. However, if the
same symbol occurs in both domains it has to be used in
the same way: it should have same type and argument
structure (in case it is a function symbol) and the same
meaning. We refer to this as the unique name assump-
tion and discuss it in some more detail in the section on
semantics below.

In figure 1 a possible formalization of the solar system
domain is given. It contains two constants represent-
ing the sun and a planet. The functions are observ-
able values as the mass of the objects and for a given
point in time their distance as well as the gravity and
centrifugal force between two of them (here attracting
forces will be positive while repelling forces will have a
negative sign). Knowledge is encoded by logical formu-
las, divided into rules and facts. The facts state that the
mass of the sun is larger than the mass of the planet and
that the distance between them is always positive. Also
there is an attracting gravitational force between them.
Finally it is claimed that the planet revolves around the
sun.The laws are included to give an explanation for the
last fact: the first law states that if two objects are at-
tracting each other but keep a positive distance, then

2Although Rutherfords atom model was falsified by physi-
cists and soon superseded by Bohrs model, it is still of inter-
est from a cognitive perspective. It demonstrates how known
patterns can be used to structure new domains via analogy
and thereby boost the learning process. This may be a rea-
son why this model, despite its inaccuracy, is still taught in
high school.

types
real, object, time

constants
sun : object, planet : object

functions
mass : object→ real × {kg}
dist : object× object× time→ real × {m}
gravity : object× object× time→ real × {N}
centrifugal : object× object× time→ real × {N}

facts
mass(sun) > mass(planet)
∀t : time : gravity(planet, sun, t) > 0
∀t : time : dist(planet, sun, t) > 0
revolves around(planet, sun)

laws

(i) ∀t : time, o1 : object, o2 : object :
dist(o1, o2, t) > 0 ∧ gravity(o1, o2, t) > 0
→ ∃force : force(o1, o2, t) < 0 ∧
force(o1, o2, t) = centrifugal(o1, o2, t)

(ii) ∀t : time, o1 : object, o2 : object :
dist(o1, o2, t) > 0 ∧ mass(o1) < mass(o2) ∧
centrifugal(o1, o2, t) < 0
→ revolves around(o1, o2)

Figure 1: Formalization of solar system domain.

there must be a counterforce, that equals to the cen-
trifugal force. The second law says that in this case the
less massive object revolves around the heavier one.

A similar formalization of the atom is given in figure 2.
Here two constants for the nucleus and an electron are
introduced. It is known that the nucleus is heavier than
the electron and that they have opposite electrical charge
causing an attracting coulomb force. Further it has been
observed that nucleus and electrons are spatially seper-
ated. By analogical inference one now might suggest
that the electron revolves around the nucleus.

Generalization

A basic idea of HDTP is to see analogy as an abstrac-
tion process. Common structures of source and target
domain are identified and made explicit. The syntacti-
cal tool applied is an extended version of anti-unification
(Plotkin, 1970). The idea of anti-unification can be
illustrated by the following example: take the term
mass(sun) from the source domain and mass(nucleus)
from the target domain. A syntactical more general term
is mass(X) as the original terms can be regained by sub-



types
real, object, time

constants
nucleus : object, electron : object

functions
mass : object→ real × {kg}
dist : object× object× time→ real × {m}
electric charge : object→ real × {eV }
coulomb : object× object× time→ real × {N}

facts
mass(nucleus) > mass(electron)
electric charge(electron) < 0
electric charge(nucleus) > 0
∀t : time : coulomb(electron, nucleus, t) > 0
∀t : time : dist(electron, nucleus, t) > 0

Figure 2: Formalization of Rutherford atom model.

stituting the variable X by sun or nucleus respectively.

mass(X)
Θ1={X←sun}

ppppppppppp
Θ2={X←nucleus}

PPPPPPPPPPP

mass(sun) mass(nucleus)

Anti-unification is the process of finding a common gen-
eralization and substitutions for a given set of terms. In
general there are several possibilities to anti-unify two
given terms t1 and t2. Therefore the concept of an anti-
instance is introduced as the most specific common gen-
eralization.
Definition 1 A term t together with two substitutions
Θ1 and Θ2 is called an anti-instance of two terms t1 and
t2 iff t, Θ1, and Θ2 is a common generalization of t1
and t2 and for every other common generalization t′, Θ′1
and Θ′2 it holds: there exist a substitution σ such that
t′σ = t.

It was shown in Plotkin (1970) that anti-instances ex-
ist and are uniquely defined (up to renaming of vari-
ables). However, this classical form of anti-unification
has some shortcomings as it is not flexible enough to re-
flect all possible commonalities within a pair of terms.
Therefore HDTP extends the idea of anti-unification:

• An equational theory E is added to the system.
For example, an equation describing the symmetry
of the distance function, dist(X,Y ) =E dist(Y,X)
would introduce new ways to anti-unify the terms
dist(sun, planet) and dist(electron, nucleus). By
equational theories the uniqueness of the anti-instance
is lost but greater flexible is gained in finding appro-
priate anti-instances.

• Higher-order anti-unification is allowed, i.e. not only
terms but also functions and relations can be anti-
unified resulting in the introduction of second-order

types
real, object, time

constants
X : object, Y : object

functions
mass : object→ real × {kg}
dist : object× object× time→ real × {m}
F : object× object× time→ real × {N}

facts
mass(X) > mass(Y )
∀t : time : F (X,Y, t) > 0
∀t : time : dist(X,Y, t) > 0

Figure 3: Generalized theory for the Rutherford analogy.

variables for functions and relations. In our example,
such a variable could be used to introduce a general-
ization for the gravity and coulomb functions. It is
also possible to realign arguments of functions to get
more specific generalizations for functions with differ-
ent argument structure.

• Whole first-order formulas can be anti-unified. Also
anti-unification is allowed to be established modulo
logical equivalence, so formulas can be transformed
into a normal form prior to the generalization process.

Due to these extensions Gust et al. (2006) introduced
the term generalization instead of anti-instance of two
first-order formulas. They also provided the algorithm
HDTP-Ah that can anti-unify two given first order the-
ories, controlled by different heuristics. This algorithm
delivers as output a generalized version of the input the-
ories as well as the substitutions which are used to align
symbols from the different domains. An example of a
generalized theory for the Rutherford analogy is illus-
trated in 3. The substitutions introduced in this case
are

X ← sun/nucleus

Y ← planet/electron

F ← gravity/coulomb

These data establish a syntactical analogical relation R
between the formalization of the solar system and that
of the Rutherford atom model. It might be used to
draw analogical inferences by transferring formulas from
the source to the target side as described in Gust et al.
(2006).

Semantic Properties of HDTP
Having defined a syntactic analogical relation as a map-
ping of symbols, terms and formulas, this construction
will now be analyzed from a semantical point of view. An
intuitive idea of the semantics of an analogy is the es-
tablishment of an analogical relation between source and
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Figure 4: Diagrammatic representation of an analogical relation R between two theories ThS and ThT and the
induced relation R? on the model theoretic level.

target corresponding to a (psychologically) preferred in-
terpretation of the analogy.3 Such a relation should be
compatible with the structure of the logical language. In
this section we will develop a model-oriented approach
towards the semantics to support this intuition.

Foundations
Recall that an interpretation for a many-sorted first-
order language is given by a pair M = 〈D, I〉 where I is a
function that assigns a set Ds ⊆ D to every sort symbol
s. Constants are mapped to elements of the set corre-
sponding to their sort and function symbols to functions
with appropriate argument structure. Predicate sym-
bols are mapped to relations. On this basis validity of
formulas can be defined as usual.
Definition 2 Given an interpretation M = 〈D, I〉,
truth of formulas is defined:4

M |= t = s iff I+(t) = I+(s)
M |= P (t1, . . . tn) iff 〈I+(t1), . . . , I+(tn)〉 ∈ I(P )
M |= α ∧ β iff M |= α and M |= β
M |= α ∨ β iff M |= α or M |= β
M |= φ→ ψ iff M 6|= φ or M |= ψ
M |= ∀s : xφ iff for all m ∈ Ds : M |= φ(m)
M |= ∃s : xφ iff for some m ∈ Ds : M |= φ(m)

M is called a model for a (consistent) set of formulas
Ax, if it makes every formula ϕ ∈ Ax true.

As we are dealing with two domains, we will consider
pairs of models 〈MS ,MT 〉. These have to be consis-
tent according to the unique name assumption. There
are at least two possible versions of this statement: the
hard version will force identical sorts to be mapped on
the same set and the interpretation of constants, func-
tion and predicate symbols have to be literally the same.
The weak version allows different sets for the same sort,
which may intersect. It then is required that identical
constants lie within the intersecting parts and functions
and relations agree on that parts. In what follows, the
weaker version is sufficient.

3Clearly the interpretation of an analogy cannot be true
of false. Rather it is the case that certain interpretations are
psychologically more of less preferred. Empirical evidence
for such preferred interpretations in case of metaphors can
be found in Kokinov & Petrov (2001).

4I+ denotes the homomorphic extension of I to terms.

Induced Analogical Relation for Models
Regarding model theoretic aspects it should be men-
tioned that there are in general infinitely many models
MT and MS for ThT and ThS respectively, provided
the underlying axioms are consistent. An analogical re-
lation reflects these ideas: based on the association of
facts and laws of the two domains, it is required that for
every model making facts and laws true on the source
side, there is a model of the target domain making the
corresponding theory true. Given two models MS and
MT a syntactical analogical relation R induces a relation
R? ⊆MS ×MT between this models by

〈I+
S (s), I+

T (t)〉 ∈ R? iff 〈s, t〉 ∈ R.

This definition respects functions and so the interpreta-
tion functions I+

S and I+
T shift the syntactic association

to the semantic level, namely to the relation R? between
two models. These ideas are represented in figure 4.

Constructing Generalized Models
The algorithm HDTP-Ah generates as a byproduct a set
of (syntactically) generalized axioms inducing a general-
ized theory ThG of the source and the target. We claim
that there are canonical ways to construct a model MG

for every pair of given models MS and MT which are
related by the induced relation R?. The idea is to con-
struct MG in a way such that precisely the associated
terms and formulas of source and target that are related
by the relation R? are covered. This resulting model
MG can be interpreted as the explicit model theoretic
meaning of an analogical relation R.

This idea is illustrated in figure 5. The generalized
theory ThG is computed from the given source and tar-
get theories ThS and ThT respectively and related to
them via appropriate substitutions. Models for source
and target are given with their interpretations IS and
IT . The intuitive understanding of a model MG for the
generalized theory ThG would be an interpretation that
contains common elements from MS and MT . In the
case of the Rutherford analogy, this could be the con-
cept of a central force system, consisting of a massive
body attracting a lightweight sattelite. An appropriate
interpretation IG has to be defined that maps terms and
formulas of ThG to that construction. Also it would be



Figure 5: Generalized model for the generalized theory.

nice to relate elements from this generalized model to
the models of source and target domain.

The main issue is the understanding of the new vari-
ables which are introduced by the generalization process
of HDTP-Ah. These variables replace domain specific
terms, functions, and predicates. So one can find an
interpretation for those variables by looking at the in-
terpretation of the specialization in the domains. This
suggests to read the variables introduced in the general-
ization process as existentially quantified.

The following definition specifies the first construction
method of the generalized model based on a quotient
operation.

Definition 3 Assume two models MS = 〈DS , IS〉 and
MT = 〈DT , IT 〉 of the source and the target domain are
given. The generalized model MG = 〈DG, IG〉 is defined
via the equivalence relation R̃? on DS ∪ DT generated
by R? (i.e. the reflexive, symmetric and transitive hull)
such that the following two conditions hold:

(i) DG := (DS ∪DT )/R̃?

(ii) IG(t) :=

{
IS(t) if tΘ1 ∈ TermS

IT (t) if tΘ2 ∈ TermT

The recursive extension of IG to formulas is defined as
usual.

Obviously Definition 3 is well-defined since terms from
TermS∩TermT are interpreted identically by IS and IT
according to the unique name assumption.

The presented construction of a generalized model col-
lapses distinct interpretations of terms t1, t2 of one do-
main if they are analogically related by R to the same
term s of the other domain. In other words, equivalence
classes are built making such distinct terms indiscernible
in the object language. We do not oversee, whether this

is desirable in all settings, although for classical exam-
ples of analogy making, e.g. from the domain of physics,
this seems to be reasonable. However, in cases where this
doesn’t seem appropriate, one might choose a different
construction method based on products.
Definition 4 Assume two models MS = 〈DS , IS〉 and
MT = 〈DT , IT 〉 of the source and the target domain are
given. The generalized model M′G = 〈D′G, I ′G〉 is defined
as follows:
(i) D′G ⊆ DS ×DT

(ii) I ′G(t) := 〈IS(tΘ1), IG(tΘ2)〉
The recursive extension of I ′G to formulas is defined as
usual.

The first model construction in Definition 3 is induced
by the analogical relation R?, whereas the second model
construction in Definition 4 is induced directly by R, i.e.
the syntactically computed substitutions Θ1 and Θ2 are
used to construct the generalized model.

Some Semantic Properties of HDTP
The application of the algorithm HDTP-Ah to given
source and target theories ThS and ThT computes a
generalized theory ThG. The generalized theory is based
on a language including variables, constants, and pred-
icates from both theories ThS and ThT provided they
occur in ThS and ThT . Furthermore existentially quan-
tified first-order or second-order variables are added to
the language for generalizations. Provided we restrict
ThG to the first-order case, the source and target theo-
ries result from the generalized theory ThG by extend-
ing the language of ThG with constants, functions, and
predicates. On the other hand, if a source theory ThS is
restricted to the language of ThG, then every expression
derivable from ThS is also derivable from ThG. There-
fore the following fact can be stated.



Fact 5 Assume two input theories ThS and ThT are
given and ThG is the generalized theory computed by the
algorithm HDTP-Ah such that second-order variables do
not occur. Then, both theories ThS and ThT are con-
servative extensions of ThG.

Notice that in the general case, ThG allows to quan-
tify over predicate variables, i.e. ThG is a second-order
variant of the first-order theories of the source and tar-
get domain. Therefore, from ThG ` φ it does not follow
in general that ThS ` φ.

Concerning the underlying models, we first restrict our
considerations again to the first-order case. Given two
models MS and MT of the source and the target do-
main, the following fact is a direct consequence of the
Definitions 3 and 4.

Fact 6 Assume two models MS and MT of the source
and the target domain are given. Provided the general-
ized models MG = 〈DG, IG〉 and M′G = 〈D′G, I ′G〉 defined
according to Definitions 3 and 4 are first-order models,
then MG and M′G can be embedded into MS and MT ,
i.e. the generalized models are substructures of MS and
MT .

Whereas MG allows to build equivalence classes of two
terms t1 and t2 in the source domain that are associated
to one term in the target via R?, t1 and t2 remain dis-
tinguishable in the construction of M′G. Therefore the
following fact holds.

Fact 7 Given generalized models MG and M′G relative
to models MS and MT it holds:

MG |= φ =⇒ M′G |= φ

It is possible to loose information of the involved in-
put domains if we compute the quotient construction of
Definition 3. It is a question of the particular model-
ing whether distinct elements of one domain should be
kept distinct in all cases or whether we allow to collapse
different elements to one equivalence class if they are
associated to one element in the other domain.

Final Remarks

HDTP is a theory that allows to compute structural de-
scriptions for first-order theories using a generalization
process in order to compute analogical relations. We
presented important details of the semantics of HDTP.
We continued by adding two construction methods for
the generalized model MG, one by using a quotient con-
struction and a second one by a product construction.
Finally we presented results concerning the underlying
model theory of HDTP.

It was shown that the generalized theory and the ana-
logical relation that are established by HDTP-Ah on a
purely syntactic basis can be related to model theoretic
operations on the semantic level in a coherent manner.
Not only the syntactical analogical relation induces a re-
lation between given models for the source and target
theory but it is also possible to construct a model for
the generalized theory in a canonical way. This general

model in fact reflects the common substructures of the
original domain models.

We think that the analysis of the model theoretic se-
mantics of analogical relations will be helpful for develop-
ing and improving computational models for analogical
reasoning. A better understanding of this type of rea-
soning can help to model certain types of creativity and
to understand and explain certain cognitive capacities of
humans.
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