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Abstract. Analogical reasoning plays an important role for cognitively
demanding tasks. A major challenge in computing analogies concerns the
problem of adapting the representation of the domains in a way that the
analogous structures become obvious, i.e. finding and, in certain circum-
stances, generating appropriate representations that allow for comput-
ing an analogical relation. We propose to resolve this re-representation
problem of analogy making in a logical framework based on the anti-
unification of logical theories. The approach is exemplified using exam-
ples from qualitative reasoning (naive physics) and mathematics.

1 Introduction

The ability of analogy making is considered to be an essential part of intelligent
behavior. By mapping knowledge about a well-known domain into a less familiar
target domain, new hypotheses about that domain can be inferred. Moreover, the
discovery of common structures can initiate a generalization process and support
the introduction of abstract concepts, which are not directly observable.

Analogy making is based on a mapping of objects and relations between two
domains. The creation of such an analogical mapping is well examined, pro-
vided the corresponding representations of both domains are already chosen in
a way that the structural compatibility is obvious. Unfortunately, the structural
commonalities characterizing two analogous domains are usually not obvious in
advance, but become visible as a result of the analogy making process. The con-
ceptualization must be adapted to make implicit analogous structures explicit.
It is argued that a crucial part of establishing an analogy is a change of rep-
resentation of one or both domains, the so-called re-representation [1]. In this
paper, we propose a framework to deal with the problem of re-representation in
a logic-based model for analogy making.

A variety of formal models for analogy making have been proposed [2] that
employ very different representation schemes ranging from symbolic through hy-
brid architectures to connectionist systems. Therefore the notion of re-represen-
tation varies between the different approaches: Indurkhya [1] develops a theory
in which the computation of analogies is based on the accommodation of an inter-
nal concept network to an input (resulting in a re-representation of the concept
network), or the projection of a concept network to the input (resulting in a re-
representation of the input), or both. In the Copycat model [3] representations



for the source and target domain are constructed dynamically and in parallel.
Although only little attention was paid to re-representation in the structure-
mapping tradition at the beginning, in [4], a theory of re-representation in the
SME tradition is presented which allows a restructuring based on operations such
as transformation, decomposition, entity splitting etc. In that approach, map-
ping and re-representation are clearly separated processes. The DUAL/AMBR
architecture [5] consists of a memory model in which knowledge is stored in a net-
work of micro-agents. The same situation can evoke, depending on the context,
different activation patterns which can be seen as a kind of re-representation.

2 A Logic-Based Model for Analogy Making

There exist different proposals to use anti-unification as a means to compute
analogies [6–8]. The notion of anti-unification is based on the instantiation or-
dering of terms: given a first order language L, a term t2 is called an instance
of another term t1 (and vice versa t1 is called an anti-instance of t2), if there
exists a substitution σ such that t1σ = t2. In this case, we write t1

σ−→ t2 or just
t1 → t2. The instantiation relation induces a preorder on the set of all terms.

Given a pair of terms s and t, an anti-unifier of s and t is a term g such
that s ← g → t. An anti-unifier g is called a least general anti-unifier, if g is
an instance of every other anti-unifier. It has been shown that a least general
anti-unifier exists for every pair of terms and that this anti-unifier is unique up
to renaming of variables [9]. A natural idea is to extend the anti-unification of
terms to the anti-unification of formulas [8, 10].

The well-known Rutherford analogy is used for exemplification: Table 1 shows
an axiomatization of the two domains for which the analogy shall be established.
The source domain represents the knowledge about the solar system, stating
that the mass of the sun is greater than the mass of a planet, that there is
gravitation between the sun and the planet, and that for every pair of objects
with gravitation between them, the lighter one will revolve around the heavier
one provided a positive distance between the objects is conserved. On the target
side we just know that the lightweight electrons are attracted by the nucleus
due to coulomb force and that, despite of this attraction, atoms do not collapse.
The latter fact, namely that electrons and nucleus have a distance greater than
0 is a formulation of the gold foil experiment due to Rutherford. Now anti-
unification can be used to relate these two situations: for example, anti-unifying
the two axioms α1 and β1 in Table 1 results in a generalized term γ1 and two
substitutions σ and τ such that it holds:

mass(sun) >
mass(planet)

mass(A) >
mass(B)

σ = {A 7→ sun,

B 7→ planet}oo

τ = {A 7→ nucleus,

B 7→ electron} // mass(nucleus) >
mass(electron)

By combining the two substitutions, an analogical relation between the do-
mains can be established: sun corresponds to nucleus and planet corresponds to
electron. This mapping is further supported by the fact, that also the axioms α2



Solar System Rutherford Atom
α1 : mass(sun) > mass(planet)
α2 : ∀t : distance(sun, planet, t) > 0
α3 : gravity(sun, planet) > 0
α4 : ∀x∀y : gravity(x, y) > 0

→ attracts(x, y)
α5 : ∀x∀y∀t : attracts(x, y) ∧

distance(x, y, t) > 0 ∧
mass(x) > mass(y)

→ revolves arround(y, x)

β1 : mass(nucleus) > mass(electron)
β2 : ∀t : distance(nucleus, electron, t) > 0
β3 : coulomb(nucleus, electron) > 0
β4 : ∀x∀y : coulomb(x, y) > 0

→ attracts(x, y)

Generalized Theory
γ1 : mass(A) > mass(B)
γ2 : ∀t : distance(A,B, t) > 0
γ3 : F (A,B) > 0
γ4 : ∀x∀y : F (x, y) > 0 → attracts(x, y)

Table 1. A formalization of the Rutherford analogy with obvious analogous structures

and β2 can be anti-unified using the same substitutions. By slightly extending
the notion of substitution and allowing the introduction of variables for function
and predicate names, also the axioms α3 and β3 can be matched resulting in
a mapping associating gravity and coulomb, which can be further supported by
anti-unifying α4 and β4 with the same substitutions. Using this analogical rela-
tion, one can try to transfer the remaining, unmatched formulas from the source
to the target. By transferring α5 to the target one can infer that the electron
revolves around the nucleus, i.e. the main claim of Rutherford’s atom model.

Table 2 depicts a different axiomatization of the domains. Although all for-
mulas from Table 1 still can be derived from Table 2, the generalized formula γ3

cannot be discovered by anti-unifying the given formulas. Notice further, that
the parameters of β′2 are switched compared to β2, so that anti-unifying α′2 and
β′2 would result in in the unwanted mapping of sun to electron and planet to
nucleus, which contradicts the mapping established by anti-unifying α′1 and β′1.

In this situation, a new representation of the given axiomatization is needed,
that exhibits the common structure of the two domains in a way that anti-
unification leads to an appropriate generalized theory. For example, from the
background knowledge it is known that distance is a symmetric function, i.e.
distance(nucleus, electron, t) > 0 can be derived from {φ1, β

′
2}, which is a good

candidate for anti-unification with α′3. Similarly, gravity(sun, planet) > 0 can
be derived from {φ2, α

′
1, α

′
2, α

′
4} on the source side, which can be anti-unified

with coulomb(nucleus, electron) > 0, which can be inferred from {β′3, β′4, β′5} on
the target side. Hence, the task of re-representation consists of finding pairs of
formulas from the domain theories, that possess a common structure.

While in this example, re-representation is just needed to enhance the support
for the analogy, there are cases, where no analogy can be computed at all, if the
given representation for two domains is not altered. Here the choice of logic as a
representation formalism exhibits its power, since beside the formulas explicitly
given, there are also implicit formulas that can be inferred from these axioms.
This provides a natural notion of re-representation, where other approaches for
analogy making have to introduce special and sometimes quite artificial means.



Background Knowledge
φ1 : ∀x∀y∀t : distance(x, y, t) = distance(y, x, t)
φ2 : ∀x∀y : x > y ∧ y > z → x > z
Solar System Rutherford Atom
α′

1 : mass(sun) > mass(planet)
α′

2 : mass(planet) > 0
α′

3 : ∀t : distance(sun, planet, t) > 0
α′

4 : ∀x∀y : mass(x) > 0 ∧mass(y) > 0
→ gravity(x, y) > 0

α′
5 : ∀x∀y : gravity(x, y) > 0

→ attracts(x, y)
α′

6 : ∀x∀y∀t : attracts(x, y)∧
distance(x, y, t) > 0∧
mass(x) > mass(y)

→ revolves arround(y, x)

β′
1 : mass(nucleus) > mass(electron)
β′
2 : ∀t : distance(electron,nucleus, t) > 0
β′
3 : charge(nucleus) > 0
β′
4 : charge(electron) < 0
β′
5 : ∀x∀y : charge(x) > 0 ∧ charge(y) < 0

→ coulomb(x, y) > 0
β′
6 : ∀x∀y : coulomb(x, y) > 0

→ attracts(x, y)

Table 2. A formalization of the Rutherford analogy where re-representation is required

3 Formal Treatment

3.1 Anti-Unification of Theories

For a set of formulas F , we will denote the theory of F , i.e. the set of all formulas
that can be inferred from F , by Th(F ). We will call a set of formulas F1 an anti-
instance of a set F2, if there exists a substitution σ such that Th(F1σ) ⊆ Th(F2).1

In this case we write F1
σ−→ F2 or just F1 → F2. If Th(F1σ) = Th(F2), F1 is

called a full anti-instance of F2 and we write F1
σ⇒ F2 or just F1 ⇒ F2.

Given two sets of formulas AxS and AxT , we will call a triple 〈G, σ, τ〉, con-
sisting of a finite set of formulas G and substitutions σ and τ , an anti-unifier
of AxS and AxT , iff AxS

σ←− G
τ−→ AxT . An anti-unifier 〈G, σ, τ〉 is at least

as specific as 〈G′, σ′, τ ′〉, if G′ is a full anti-instance of G in a way that is
compatible with the domain substitutions, i.e. if G′ θ⇒ G then σ ◦ θ = σ′

and τ ◦ θ = τ ′. Using a most specific anti-unifier can help to prevent prolif-
eration of variables as indicated by the following example: consider the sets
AxS = {p(a), q(a)} and AxT = {p(b), q(b)}. Then G′ = {p(X), q(Y )} with
substitutions σ′ = {X 7→ a, Y 7→ a} and τ ′ = {X 7→ b, Y 7→ b} is an anti-
unifier. Notice, that G′ consists only of least general anti-unifiers of formulas
from AxS and AxT , but as a set of formulas it is not least general by itself, since
G = {p(X), q(X)} and the substitutions σ = {X 7→ a}, τ = {X 7→ b} fulfill
G = G′{Y 7→ X}, σ′ = σ ◦ {Y 7→ X}, τ ′ = τ ◦ {Y 7→ X}. Therefore in the con-
text of analogy making we will only apply least general anti-unifiers, since any
more general anti-unifier only adds complexity without extending the analogical
relation.

3.2 Coverage

Obviously, least general anti-unifiers for sets of formulas always exist: the mini-
mal example is the empty set ∅. This is probably not a desirable solution, since
1 We consider only admissible substitution, i.e. substitutions that don’t introduce

variables into the scope of a quantifier.



Addition Multiplication
α1 : ∀x : add(0, x) = x β1 : ∀x : mul(0, x) = 0
α2 : ∀x∀y : add(s(y), x) = add(y, s(x)) β2 : ∀x∀y : mul(s(y), x) = add(mul(y, x), x)

Table 3. Addition and multiplication of natural numbers

it results in the empty analogical relation. Therefore we introduce the concept
of coverage: given an anti-unifier 〈G, σ, τ〉 for AxS and AxT , the subset Th(Gσ)
of Th(AxS) is said to be covered by G and for AxT analogously.

An anti-unifier 〈G, σ, τ〉 has a greater or equal coverage than 〈G′, σ′, τ ′〉 if
there is a substitution G′ θ−→ G that is compatible with the domain substitutions.
In general, a greater coverage is preferable, since it provides more support for the
analogy. However, there are some caveats. Assume for example the axioms for ad-
dition and multiplication of natural numbers given in Table 3. There is no direct
anti-unifier for the axioms, but since we can derive2 β3 : ∀x : mul(s(0), x) = x
we get an anti-unifier 〈{γ1}, σ, τ〉 with γ1 : ∀x : Op(E, x) = x and substitutions
σ = {Op 7→ add,E 7→ 0} and τ = {Op 7→ mul,E 7→ s(0)} which expresses the
intended analogy, i.e. that addition corresponds to multiplication and that there
is a unit element, 0 for addition and s(0) for multiplication. Notice, that only
α1 is covered by this anti-unifier. We can extend the coverage of the anti-unifier
by adding formulas, e.g. an arbitrary number of formulas of the type3

Op(sn(0), sm(0)) = Op(sm(0), sn(0))

This can be done without changing the substitutions, hence every formula added
will enhance the support for the analogy. But still α1 is the only axiom covered.
To address this problem, we need a concept of indirect coverage. We call those
axioms indirectly covered which have been used to provide the formulas that
are added. 〈G, σ, τ〉 is a full anti-unifier, if all domain axioms are (indirectly)
covered by it.

In total, to compute an analogical relation, the (indirect) coverage of the
domains should be maximized while one-to-many mappings should be avoided.

4 Algorithm

Here we sketch a proposal for an algorithm to compute a generalized theory for
given source and target domains. We assume that the axioms are in clause form.

A1 Sort the axioms of the target domain by a heuristic complexity measure, e.g. based
on the number of literals per clause and the arity of the literals.

A2 Select the next least complex and yet uncovered axiom from the target domain.
If no such axioms are left, then, if all axioms are covered, terminate, otherwise
backtrack to step A3.

2 Here we use mul(s(0), x) = add(mul(0, x), x) = add(0, x) = x, i.e. we use the axiom
α1 of the source theory to derive formulas on the target side!

3 Notice that we cannot derive ∀x∀y : Op(x, y) = Op(y, x) in first order logic, and
therefore all of these formulas are independent from each other.



A3 Find (non-deterministically) the best matching clauses from the source according to
a heuristic distance measure. A simple distance measure uses the relative number
of common functors and constants in corresponding subsets of the clauses. The
current analogical relation should be used to identify unequal functors, for which
the analogical relation already holds. If not possible, backtrack to step A2 (skip
axiom).

A4 Split the clauses into matching literals and residual literals. The anti-unifier of
the matching literals becomes a generalized clause, if the residual literals can be
refuted.4 Else, backtrack to step A3 (selecting a different clause).

A5 Check the cross domain consistency by projecting the residual literals to the other
domain using the current analogical relation and try to prove them there. If this is
possible, reject the match and backtrack to step A3 (selecting a different clause).

A6 Mark the clauses of the target domain, that are used in the refutation process
(step A4) as (indirectly) covered. Repeat from step A2.

Using clause form for source and target axioms ensures that re-representation
of the domains is a guided process. The compared clauses can only become
smaller (by refuting the rest). This means that re-representation does not dra-
matically increase complexity additionally to the complexity of the proofs (which
of course is undecidable as we allow full first-order logic). We demonstrate the
algorithm using our second example of the Rutherford analogy (Table 2):

1. β′
3 ↔ α′

2 select β′
3 from target (A2), find α′

2 as a best source match (A3) and
anti-unify: mass↔ charge, planet↔ nucleus

2. β′
4 : skipped no reasonable matching clause

3. β′
2 ↔ α′

3 sun ↔ electron
4. β′

1 : skipped nucleus 6= electron, sun 6= nucleus
5. β′

6 ↔ α′
5 gravity ↔ coulomb

6. β′
5 ↔ α′

4 refuting the residuals (A4)
¬(charge(y) < 0) with y = electron
¬(mass(y) > 0) with y ∈ {sun, planet}
but the projection to the source of ¬(charge(electron) < 0) namely
¬(mass(sun) < 0) can be proven in the source (A5): backtrack to 1.

7. β′
3 ↔ ψ1 mass ↔ charge, sun ↔ nucleus, where ψi = mass(sun) > 0, wich can be

derived from α′
1, α

′
2, φ2

... like 2.-5.
12. β′

5 ↔ α′
4 like 6.: backtrack to 1.

13. β′
3 : skipped no other matching clause

14. β′
4 : skipped no reasonable matching clause

15. β′
2 ↔ α′

3 sun ↔ electron, planet ↔ nucleus
16. β′

1 : skipped nucleus 6= electron, sun 6= nucleus (avoid many-to-many mapping)
17. β′

6 ↔ α′
5 gravity ↔ coulomb

18. β′
5 ↔ α′

4 refuting the residuals
¬(mass(x) > 0) ∨ ¬(mass(y) > 0)
¬(charge(x) > 0) ∨ ¬(charge(y) < 0)
solution, but β′

1 not covered: backtrack to 15.
19. β′

2 ↔ ψ2 sun ↔ nucleus, planet ↔ electron
with ψ2 = distance(planet, sun, t) > 0 derivable from α′

3, φ1
20. β′

1 ↔ α′
1

21. β′
6 ↔ α′

5 gravity ↔ coulomb
22. β′

5 ↔ α′
4 refuting the residuals

¬(mass(x) > 0) ∨ ¬(mass(y) > 0)
¬(charge(x) > 0) ∨ ¬(charge(y) < 0)
solution, target covered: termination

4 For refutation a classical connection graph-based resolution prover can be used.
During the refutation, variables may be instantiated. Therefore, anti-unification of
the matching parts can only be done after these proofs.



This example demonstrates that there might exist different analogical mappings
between source and target that employ substitutions with a different degree of
complexity and that cover different parts of the domains. The process of con-
structing a preferred mapping is controlled by the combination of simple heuris-
tics: a similarity measure for clauses is used to find a best matching candidate
(A3) or to skip certain clauses without mapping (steps 2, 13, 14, 15). Logical
inconsistencies can cause the algorithm to reject the first selections (A4 and A5)
and backtrack with alternative candidates (steps 6, 12, 18).

5 Conclusion and Future Work

In this paper, it is shown how logical inference provides a way to tackle the
problem of re-representations in analogical reasoning applications. This is es-
sential for analogy making, as the assumption that the two domains are already
available in a structure suitable for the analogical mapping is unrealistic. In fact,
the analogous structure is a result of the analogy making process. An algorithm
is proposed that computes the best matching clauses according to a heuristic
distance measure. Besides a thorough practical evaluation of the proposed ap-
proach, future work concerns a theoretical assessment of the trade-off between
the maximization of coverage and the minimization of substitution complexities.
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