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Abstract

Analogical reasoning is one of the most important infer-
ence mechanisms humans use for creating new knowl-
edge and for learning. This paper introduces two ap-
proaches for analogical reasoning: the structure map-
ping theory (SMT) as a graph-based analogy model and
the Heuristic-Driven Theory Projection (HDTP) as a
symbolic model. We describe both approaches, outline
their commonalities and differences and discuss their im-
pact on analogy making and analogical reasoning.

Introduction and Motivation

Analogical thinking and reasoning has often been iden-
tified as the core cognitive process for creativity, dis-
covery and invention. ”Analogy is indeed an indis-
pensable and inevitable tool for scientific progress”
[Oppenheimer, 1956].

Besides classical methods for logical inferences - de-
duction, induction and abduction - analogies function
as the main driver for creating new knowledge and for
learning. In analogical reasoning, two cases - a source
and a target - are compared and commonalities are iden-
tified. New knowledge is created via transferring ad-
ditional knowledge about the source case to the target
case. Figure 1 illustrates the formal structure of the
different types of reasoning. While a deductive infer-
ence is truth-preserving, inductive, abductive and ana-
logical inferences are not. But the likeliness of induc-
tive inferences increases with the number of valid cases.
Therefore the set of cases must be sufficiently large to
draw sound conclusions. However, analogical reasoning
requires only two cases: the likeliness of analogical infer-
ences increases with the number of analogical matches
between the source and the target [Ujomov, 1967]. In
principle, ϕ can be any kind of formula. However, since
analogies are characterized via structural commonali-
ties [Gentner and Markman, 1997], ϕ stands typically
for structural relations and laws.

This paper represents two analogy models: Gentner’s
structure mapping theory (SMT) and the Heuristic-
Driven Theory Projection (HDTP). We describe both
methods for analogical reasoning and outline their com-
monalities and differences. Our comparison was moti-
vated by the paper by [Ifukor, 2005] who compares both
approaches and concludes by proposing a combination
of both.

Figure 1: Reasoning types.

The remainder of the paper is organized as follows: in
the second section we review SMT and analyze the dif-
ferent phases it runs through to map the analogy. The
third section introduces HDTP, a mathematically sound
framework for analogy identification and analogical rea-
soning. Afterwards we point out the commonalities and
differences of HDTP and SMT. We use the Rutherford
analogy between the solar system and the atom model
as running example. The last section summarizes the
results.

Structure Mapping Theory
Gentner’s Structure Mapping Theory [Gentner, 1983,
Gentner, 1989, Falkenhainer et al., 1989] is probably the
best known analogy model and had great formative in-
fluence on analogy research. SMT claims that analogies
between domains are characterized by structural and re-
lational commonalities, while superficial attribute simi-
larity is of no or minor importance.

SMT uses graph structures to describe domains and
supports four different representational elements: Enti-
ties are individuals in the domain, functions map entities
to some value, attributes are unary predicates describing
properties of an entity and relations are n-ary predicates
describing the relationship of its arguments.

The analogy identification process follows three prin-
ciples: The one-to-one mapping allows one element in
the target to map maximally to one single element in
the source and vice versa. Parallel connectivity states
that the arguments of two aligning relations or functions
in the source and target domain have to align as well
to guarantee structural consistency. The systematicity
principle states that an element belonging ”to a map-
pable system of mutually interconnecting relationships
is more likely to be imported into the target than is
an isolated predicate” [Gentner, 1983, p. 163]. SMT
supports analogies which comprise a hierarchically deep
match, because this indicates a structural system of in-



Figure 2: SMT formalization of the solar system domain
(1 indicates the first and 2 the second argument of rela-
tions).

Figure 3: SMT formalization of the Rutherford atom
domain.

terconnected knowledge.
Identification of Analogies. The identification of

analogies in SMT is a stepwise process: local match con-
struction identifies all pairwise matching elements. En-
tities are matched indirectly ”on the basis of their roles
in the predicate structure” [Falkenhainer et al., 1989, p.
15]. While entities and functions can be aligned without
matching literally, the alignment of attributes and rela-
tions requires identical labels. The alignment of elements
is a parallel process and results in a set of potentially
matching items (called match hypotheses). Afterwards,
local matches are combined in one coherent composi-
tion: the partial match builds partial mappings which
consists of a local match hypotheses and all other match
hypotheses structurally implied by the parallel connec-
tivity. The global match construction composes gradu-
ally larger mappings which combine consistent match hy-
potheses to construct the best inter-domain mapping. In
figure 2, the relation ”and” implies the lower-order rela-
tions ”attract” and ”greater”, because they are its argu-
ments and higher-order relation ”cause”, because ”and”
is itself an argument of ”cause”. There may exit several,
competing analogies with different cognitive plausibili-

types
real, object, time

entities
sun : object, planet : object

functions
mass : object× time→ real× {kg}
dist : object× object× time→ real× {m}
gravity : object× object× time→ real× {N}
centrifugal : object× object× time→ real× {N}

facts
mass(sun) > mass(planet)
∀t : time : gravity(planet, sun, t) > 0
∀t : time : dist(planet, sun, t) > 0
revolves around(planet, sun)

laws

∀t : time, o1 : object, o2 : object :
dist(o1, o2, t) > 0 ∧ gravity(o1, o2, t) > 0
→ ∃force : force(o1, o2, t) < 0∧
force(o1, o2, t) = centrifugal((o1, o2, t)

∀t : time, o1 : object, o2 : object :
dist(o1, o2, t) > 0 ∧ centrifugal(o1, o2, t) < 0
→ revolves around(o1, o2)

Figure 4: HDTP formalization of solar system domain.

ties.
Analogical Reasoning. Analogies are typically

drawn between two domains, where a lot of informa-
tion is available about the source while many relational
and attributive properties are still unknown in the tar-
get domain. New knowledge about the target domain is
created based on the analogy to the source domain. The
representation of the source domain is therefore richer
than the representation of the target domain. Analogi-
cal reasoning in SMT denotes the process of transferring
the information which does not exist in the target do-
main. All those relations or functions in the source do-
main which have not been aligned are possible inferences.
SMT proposes relations or functions as analogical infer-
ences and carries them over to the target domain, if they
satisfy parallel connectivity and one-to-one mapping and
if they are structurally grounded within the analogy (the
inference must intersect the global mapping). Constants
are mapped directly.

Heuristic-Driven Theory Projection

Heuristic-Driven Theory Projection [Gust et al., 2006] is
a mathematically sound model for processing analogies.
The source and target domain are described by theories
based on full first-order logic. Analogous expressions in
both domains are aligned via a common, general theory:
this general theory is the result of the anti-unification of
source and target theory. While the above described
Structure Mapping Theory is a psychologically moti-
vated graph-based approach for analogy making, HDTP
is a formal logic-based symbolic approach.

In HDTP, the representation of source and target do-
main consists of a set of formulas. The representation
comprises the following elements (figure 4): constants
describe entities in the domain. Each constant is of
a certain type, e.g. sun of type entity and the mass
of the sun of the type real. Variables are placeholders
for entities and occur in laws. Function symbols rep-
resent functions that map entities or variables to other
entities. Predicates express relations between entities:



types
real, object, time

entities
nucleus : object, electron : object

functions
mass : object× time → real × {kg}
dist : object× object× time → real × {m}
electric charge : object× real → real × {eV }
coulomb : object× object× time → real × {N}

facts
mass(nucleus) > mass(electron)
electric charge(electron) < 0
electric charge(nucleus) > 0
∀t : time : coulomb(electron, nucleus, t) > 0
∀t : time : dist(electron, nucleus, t) > 0

Figure 5: HDTP formalization of Rutherford atom
model.

unary predicates correspond to attributes in SMT and
n-ary correspond to relations. Logical operators and the
quantifiers ∃ and ∀ are available to construct complex
facts and laws.

A theory Th describing a domain is a consistent and
finite set of well-formed formulas - either facts or laws.
Facts are variable-free literals, called axioms; laws are
quantified formulas. Figure 4 shows ThS , the specifica-
tion of the solar system domain, and figure 5 shows ThT ,
the specification of the Rutherford atom. HDTP identi-
fies analogies via comparing formulas of ThT to formulas
of ThS to find a common, general formula for two cor-
responding formulas. The theory of anti-unification is
used for generalizing two formulas.

Anti-Unification for Generalization. Anti-
unification [Plotkin, 1970] is a theory for determining the
most specific generalization for two terms and is used to
generate a general structural description of the common-
alities between both domains. HDTP uses an extension
of anti-unification [Gust et al., 2003]:

• First-order anti-unification: two formulas p(a) and
p(b) are anti-unified by p(X), where the variable X
is substituted by a respectively b.

• Second-order anti-unification: two formulas p1(a) and
p2(a) are anti-unified by P (a), where the general pred-
icate P is substituted by p1 respectively p2.

Figure 6 illustrates some examples for anti-unification
from the Rutherford analogy. The axiom mass(nucleus)
can be aligned to mass(sun) and generalized to
mass(X). If e charge(nucleus) is aligned to mass(sun),
the anti-instance F (X) is very general, because there are
not many commonalities. Therefore HDTP prefers gen-
eralization (a) to (b). The anti-unification can be ap-
plied to laws as well: atomic formulas are anti-unified
as shown above and logical symbols are maintained. We
transform all formulas in a normal form to avoid that
compatible formulas cannot be matched because of syn-
tactic differences.

(a) mass(X)

mass(sun)

Θ={X←sun}

wwwwwwwwwwwww
mass(nucleus)

Θ={X←nucleus}

IIIIIIIIIIIIII

(b) F (X)

mass(sun)

Θ =

(
F ← mass,

X ← sun

) zzzzzzzzzzzz
e charge(nucleus)

Θ =

(
F ← e charge,

X ← nucleus

)IIIIIIIIIIIIII

Figure 6: Anti-Unification of terms.

Identification of Analogies. The identification of
analogies in HDTP is an iterative process: the algorithm
goes through all axioms in one domain and searches for
corresponding formulas in the other domain to anti-unify
both formulas. These general formulas form together the
axioms for a generalized theory ThG which represents
the commonalities of source and target at an abstract
level. Like in SMT, there may be competing alignments
of axioms in HDTP which may lead to different analo-
gies. The alignment process in HDTP follows several
heuristics analogous to the ”three principles” of SMT:
Logical consistency with other axioms in the general-
ized theory is a necessary condition for two axioms be-
ing aligned and their generalization being added to ThG.
HDTP does not require one-to-one mapping, however it
always aims at the most specific generalization which
best reflects the structure of both specific axioms. In
most cases this will be a one-to-one mapping. An exam-
ple for a reasonable one-to-many mapping in the Ruther-
ford analogy is the alignment of the gravity force between
sun and planet with the two forces gravity and coulomb
between the nucleus and the electron: gravity as well as
coulomb are both attracting forces. Since the coulomb
force between nucleus and electrons is much stronger
than the gravity force between them (and therefore the
coulomb force is the main reason for holding together
the atom), it is important to include the coulomb force
in the analogy.

To find the most reasonable analogy between both do-
mains, HDTP has to evaluate the quality of the align-
ment. This process is driven by several heuristics: Since
the alignment process in HDTP is sequential, there is
a heuristic for determining the order in which axioms
are chosen to find an alignable match. Another heuris-
tic determines the generalization to a least general anti-
instance. Those generalizations are preferred that con-
serve as much information and structure as possible,
because every generalization implies information loss.
Moreover, the substitutions required to transform a gen-
eralized to a specific axiom shall be as simple as possi-
ble, because the complexity of substitutions indicates the
degree of structural divergence. Moreover, second-order
substitutions shall be avoided. In SMT, only identical
attributes and relations are aligned. HDTP allows also



the alignment of distinct predicates, however the align-
ment of identical predicates (i.e. first-order substitution)
is preferred. Furthermore, axioms that maximize the
number of shared terms with already generalized axioms
are preferred, because they show a strong alignment with
the already identified part of the analogy.

Analogical Inference and Reasoning. In gen-
eral, analogical reasoning means transferring additional
knowledge about the source to the target domain: in
HDTP this means transfer of formulas. The specifica-
tion of the source domain is typically richer than the
one of the target domain: additional knowledge about
the source is represented by those formulas which have
not been aligned to formulas in the target and which are
therefore not part of the generalized theory. The transfer
of formulas underlies several restrictions:

• Formulas can be transferred, if they have not been
aligned so far, however, the existing generalizations
guide the transfer. Formulas must be connected to the
generalized theory (e.g. an argument of the predicate
is already generalized) and the generalization of this
formula must be logically consistent with the existing
generalized theory.

• Transferred formulas are proven for logical consistency
within the target domain (and if exists, also with back-
ground knowledge). Inconsistent formulas cannot be
transferred.

• The strength of HDTP is its ability to transfer laws.
In our example we know from the source domain, that
there must exist some counter-force, if two attracting
objects have a positive distance. Laws can be trans-
ferred, if the premise (in this case ∀t : time, o1 : object,
o2 : object : dist(o1, o2, t) > 0 ∧ gravity(o1, o2, t) > 0)
can be proven as true also in the target domain.

• Besides logical consistency, transferred knowledge can
also be tested within experiments. Based on the set
of possible inferences experiments are generated in or-
der to test whether analogical transfers yield exper-
imentally valid results. One of these experiments is
essentially an abstract representation of the Ruther-
ford experiment, i.e. an experiment that shows that
electrons and nucleus have a distance from each other
greater than 0.

If inference candidates meet all these requirements,
they are transferred and added to the target domain.

Commonalities and Differences
Structure mapping theory and Heuristic-Driven Theory
Projection are two theories for analogy making and ana-
logical reasoning. There are many parallels between both
theories. They both identify potential analogies, which
are characterized by structural commonalities of two do-
mains: a source and the target domain. While lot of
knowledge is available about the source domain, only lit-
tle knowledge is available about the target domain. Once
a potential mapping is identified, additional knowledge
from the source can be transferred to the target domain

as analogical inference. However, the approaches differ
as well with respect to their motivation, the knowledge
representation formalism, the alignment and the analog-
ical reasoning.

Motivation. The Structure Mapping Theory is a
psychologically motivated approach and reflects the cog-
nitive processes during analogy making. The cognitive
adequacy was tested in many experiments. HDTP is a
mathematically sound model. It is based on a logical
language in the tradition of artificial intelligence. Both
approaches consider abstraction to play a central role in
human analogy making: SMT uses abstraction implic-
itly in the graph comparison process. HDTP accounts
explicitly for the generalization process and constructs
a generalized theory. ThG is the generalized theory de-
scribing the common structures of the source and the
target domain. It can be interpreted separately from the
source and target: in the Rutherford analogy the gener-
alized theory of the solar system and the atom can be
interpreted as a central force system [Gust et al., 2007].

Representation. SMT uses finite graphs to repre-
sent domain knowledge. Concrete and abstract entities
of the domain, as well as relations, are represented as
nodes of a graph. This formalization is appropriate to
represent given situations in accordance with psycholog-
ical findings. HDTP is based on formal logic and reason-
ing techniques, that are standard in artificial intelligence
applications and theoretically well-founded. Besides en-
tities, functions and predicates, which are also available
in SMT, knowledge can be specified using variables, log-
ical operators and quantifiers. As a benefit, HDTP can
not only represent a certain situation, but it can apply
general laws like every two bodies with positive mass will
attract each other. It might be possible to simulate one
representation formalism within the other. E.g. it is easy
to encode finite graphs in first-order logic. However, it
is an open task to examine how such a simulation can
be extended to the rest of the analogy engine.

Identification of Analogies. The alignment process
in SMT is mainly driven by common relations and func-
tions, while attributes are neglected. HDTP includes all
formulas in the analogy identification process.

SMT aligns relations only if they match literally.
Functions can be aligned to other functions indepen-
dently of their label. HDTP matches functions and pred-
icates with same and different labels, but anti-instances
for identical functions and predicates are more specific
than for different ones (see figure 6 (a) for identical and
(b) for different ones). The same holds for structural
differences: in SMT only elements with the same struc-
ture align (or they require re-representation, see below).
HDTP matches also formulas with different structure,
which might end up in a very generic anti-instance. In
general, SMT tends to align too few elements, because
the requirement of having identical relation names is very
strict. Lately research in SMT has identified, that non-
identical, but semantically overlapping relations are also
relevant for analogy making [Gentner and Kurtz, 2006].
SMT could apply ontological knowledge to ease the re-
strictions for alignment and allow also similar relations



to align. On the other hand, HDTP tends to align too
many formulas. To avoid nonsense alignments and com-
pensate the weak restrictions, HDTP introduces addi-
tional constraints such as including the type information
in the mapping: only entities of the same type may align.

The alignment process has different restrictions: SMT
alignment follows the three principles one-to-one map-
ping, parallel connectivity and systematicity. HDTP
supports the idea of one-to-one mapping in the heuris-
tic, but does not reject alignable formulas which violate
the one-to-one mapping criteria. The major restriction
of HDTP alignment is logical consistency: an alignment
is only accepted, if the generalized formula is consistent
with the rest of the generalized theory.

SMT as well as HDTP identify competing analogies
and try to evaluate which one is the best. The main
criteria in SMT is systematicity. Higher-order relations
indicate a better analogy. In HDTP, the criteria depend
mainly on the heuristics applied. It is possible to imitate
SMT’s systematicity principle in the heuristic.

Alignment in SMT is a stepwise process: first, the el-
ementary elements are aligned and afterwards they are
combined to partial and global mappings. HDTP anti-
unifies not only axioms, but whole theories, i.e. axioms
of the target theory are mapped on expressions which are
either explicit axioms in the source theory or inferred
from it. This process is called re-representation: dif-
ferences due to different representations are handled by
the system via converting formulas in logically equivalent
and structurally matching formulas. The importance of
automatic re-representation can be illustrated within the
Rutherford analogy: We assume that the gravity force
between sun and planets is not given explicitly in the
source domain, but only a general law stating that there
exists an attracting force between two solids with posi-
tive mass. On the target side, the nucleus is described
as having a positive electric charge, the electron having
a negative electric charge and a general law states that
two elements with an opposite charge attract each other.
SMT uses finite graphs to represent domain knowledge
and has no elaborated framework that allows for restruc-
turing graphs. It might be possible to introduce such
general laws as nodes into an SMT style graph and state
the sun attracts the planet because of the law of gravi-
tation. But such statements have to be coded explicitly
when setting up the domain representations and there
is no way to deduce them when they are missing. Op-
posing to this, HDTP can apply rules to deduce new
formulas from the axioms. That is, it can make implicit
knowledge explicit when it is needed during the process
of analogy making. HDTP can automatically deduce on
both sides, that there exists an attracting force - the
gravity force on the source and the coulomb force on the
target side. This ability equips HDTP in a rather nat-
ural way with the ability to do re-representation, namely
the deduction of appropriate formulas, whenever they
are required. SMT may be able to overcome structural
differences to a certain extend, but SMT itself cannot
prove the logical equivalence: an additional component
such as a theorem prover is required.

Figure 7: Inferences in SMT and corresponding infer-
ences in HDTP.

Analogical Inference and Reasoning. The ana-
logical inference is not an inference in the classical sense:
analogical inference means the transfer of knowledge
from a source domain to a new domain. SMT and
HDTP both support analogical inferences. SMT trans-
fers knowledge, which is ”connected” to the analogy (i.e.
the transfer must be related to the existing alignment)
and is structurally consistent (according to the three
principles). HDTP transfers formulas, if they are con-
nected with the analogy (the generalized theory) and if
they are logically consistent with the generalized theory,
the target theory and the background knowledge.

The transfer of laws is one of the major differences
of the system: figure 7 illustrates possible inferences in
SMT and corresponding inferences in HDTP. In SMT,
rules are modeled as a cause relations between the
premise and the conclusion which are treated as two
equal arguments. In our example, SMT specifies the
source domain by the elements p and q and a cause re-
lation between them. In HDTP, p and q are facts and
the relation between them is logically specified as the
law p → q. The following three cases show three differ-
ent target domain specifications with different analogical
inferences:

1. Transfer of rule: the target domain contains p′ and
q′. In SMT, the cause relation is transferred to the
target domain. The same is done in HDTP: p and p′

are anti-unified as well as q and q′. The law p → q is
transferred and the analogous law p′ → q′ is added to
the target domain specification.

2. Deduction by analogy: the target domain contains p′.
When p is aligned with p′, SMT transfers the cause
relation and the second argument q to the target do-



main. In HDTP, p is anti-unified with p′. The law can
be transferred, because the premise is logically consis-
tent in the target domain. Having the analogous law
p′ → q′ on the target side, the new axiom q′ can either
be inferred via deduction or analogical transfer.

3. Abduction by analogy: in SMT, the target domain
does only contain q′. Like before, SMT transfers the
cause relation and p regardless of the fact that cause
relation actually holds only from the premise to the
conclusion. In HDTP, the target domain is specified
as q′ and the law p′ → q′. q′ and the law can be anti-
unified. HDTP proposes to transfer p′, but does check
the consistency of p′. If the target domain contains a
fact ¬p′ there will be no transfer in HDTP. SMT could
not detect such logical inconsistency.

Since cause is a binary relation and SMT does not sup-
port variables as placeholders, it is impossible to have
a cause relation with only one argument - e.g. only the
premise - and transferring only the conclusion. SMT
can model only instantiated laws, i.e. cause relations
between concrete entities. However, HDTP can spec-
ify laws without making a statement about the truth of
premise or conclusion. As the example showed, SMT
can model different types of inferences, however it can-
not explicitly distinguish between these different types,
neither check consistency with other formula. This dif-
ference between SMT and HDTP becomes obvious in the
third case of our example.

Summary
SMT and HDTP are two models for analogical reasoning.
SMT uses a graph-based representation and identifies
analogies via graph comparison and matching. HDTP
represents the source and target domain via first-order
logic theories. Analogies are identified via comparing
both theories and constructing a common, general the-
ory. Therefore domain representations in SMT are less
expressive than in HDTP. SMT follows as well a rather
restrictive alignment process and therefore the analogy
making process has a comparatively low complexity and
is very efficient. First-order logic theories in HDTP al-
low for a greater expressivity than graphs in SMT, be-
cause it allows for variables and logical symbols. Using
the extended anti-unification to construct the general-
ized theory and identify the analogy is more flexible than
SMT, e.g. also relations with different labels and differ-
ent structure can be aligned and anti-unified. The ana-
logical inference mechanisms differ as well: While SMT
constrains the transfer of non-aligned subgraphs based
on structural consistency, HDTP distinguishes different
forms of inferences and requires logical consistency of
transferred formulas. We think that the optimal solu-
tion for analogy making is a trade-off between efficiency
and expressivity.
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